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Abstract In a recent article, we obtained an approximate

solution for the evolution of a transformed fraction under

isochronal conditions for a large variety of single-step

transformations. We verified that this solution is accurate

and can, in many instances, be used instead of the exact

numerical solutions of the corresponding differential

equations. In this article we want to examine the possi-

bilities offered by an analytical solution in the analysis of

thermoanalytical curves. We will show that for single-step

transformations, our model predicts that under the proper

time scaling the thermograms obtained at different heating

rates merge into a single curve. This ‘universal curve’ is

exclusively related to the kinetic model. In addition, the

universal curve can be obtained from experimental ther-

mograms by means of a simple transformation. In this way,

the dependence of the experimental curves on the rate

constant and the kinetic model can easily be separated,

making it possible to independently determine the kinetic

parameters and the kinetic model. In addition, one can

easily check the validity of the kinetic analysis as well as

calculate a reliable statistical measure of the goodness of

the single-step assumption.

Keywords Solid state reaction � Single-step

transformation � Kinetic analysis � Kissinger method �
Analytical chemistry

Introduction

Solid state transformations are usually governed by a single

limiting step [1]. In such cases, the evolution over time of

the conversion degree, a, is described by a differential

equation of the form [2]:

da
dt
¼ kðTÞf ðaÞ ð1Þ

where t is time, T is the temperature, k(T) is the rate

constant and f(a) is the conversion function of a particular

reaction model. In most practical situations [3–5], it is

possible to assume an Arrhenius temperature dependence

for the rate constant:

kðTÞ ¼ A exp � E

RT

� �
ð2Þ

where A is constant (the pre-exponential term), E activation

energy, and R gas constant. The objective of a kinetic

method is the determination of the so-called ‘kinetic trip-

let’: A, E, and f(a).

Under isothermal conditions k(T) is constant and the

solution of the single-step kinetic equation can be obtained

by the direct integration of Eq. 1:

gðaÞ �
Za

0

du

f ðuÞ ¼ kðTÞðt � t0Þ ð3Þ

whence

aðtÞ ¼ G kðTÞðt � t0Þð Þ ð4Þ

where G is the inverse function of g(a). In ref. [6] the

analytical expression for both g and G is given for a

number of reaction models, i.e., in most cases one can

easily derive an analytical solution under isothermal
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conditions. It is worth noting that the thermoanalytical

curves obtained at different temperatures differ only by a

time scale factor of s:1/k(T).

When the temperature varies with time, Eq. 1 still holds

for spatially homogeneous reactions, whereas for hetero-

geneous reactions, such as crystallization, it is only

approximate [7]. The most common non-isothermal

experiments are those that are isochronal, i.e., b:dT/dt

= constant.

We have recently developed [6] an approximate ana-

lytical solution of Eq. 1 under isochronal conditions,

aðtÞ ¼ GðzÞ; z � gða1P Þ exp
1

gða1P Þ
t

sP

� �

daðtÞ
dt
¼ z

gða1P ÞsP

dG

dz

ð5Þ

where TP is the peak temperature (the temperature at which

the transformation rate is at its maximum (see Fig. 1)),

sP: 1/k(TP) and a1P is a(TP) for E/R TP ?? (the value of

a1P for a number of models is given in the Appendix). The

time origin has been shifted so that the maximum trans-

formation rate takes place at t = 0; T = TP ? b t. Note

that in the definition of g(a), Eq. 3, the initial transformed

fraction is zero. Moreover, in the derivation of Eq. 5, it has

been assumed that the initial temperature is low enough to

neglect the initial transformation rate.

The approximate solution is obtained from the first order

series expansion in temperature of ln[g(a(T))] around TP.

The approximate solution is accurate enough provided that

the second term in the series expansion is negligible when

compared to the first term in an interval of temperatures of

the order of the FWHM. As it is stated in the Appendix of

ref. [6], the latter condition is equivalent to the validity of

the Kissinger relation. Therefore, when the Kissinger

relation is accurate, the approximate solution is accurate in

the whole temperature range were the transformation takes

place. The Kissinger relation is analyzed in the next

section.

Two special features of our approximate solution that

account for its simplicity are:

(i) its similarity with the isothermal solution. From

Eqs. 4 and 5 one can observe that the only difference

between the two solutions is the argument of function

G.

(ii) the dependence on the heating rate b and the rate

constant k(T) being implicit through the constant sP.

This means that for a given process all the solutions

are identical except for the time constant sP.

As with the isothermal case, according to Eq. 5 all the

curves obtained at different heating rates differ only by a

time scale factor of sP. Therefore, when time is normalized

by a scale factor sP, the evolutions obtained at different

heating rates merge into one single curve. Moreover, the

shape of this curve does not depend on the rate constant,

but is exclusively related to the reaction model f(a).

The significance for both experimental and theoretical

purposes of a simple analytical solution is evident. As an

example, we have applied it to the analysis of structural

relaxation in amorphous materials [8]. In this article, we

want to explore the possibilities an approximate analytical

solution offers for the analysis of thermoanalytical curves.

First, we will discuss how the widely used Kissinger

method can be complemented to improve its reliability.

Then, we will develop a new method that determines, in a

simple and reliable way, the kinetic model that governs the

transformation. Finally, we will apply our method to ana-

lyze the calorimetric data of the crystallization of amor-

phous silicon and the thermogravimetric data of CaCO3

decomposition.

Kinetic method

The Kissinger method

Despite the recent development of a wide variety of

advanced computational methods for the kinetic analysis of

thermoanalytical experiments [9], the Kissinger method is

still widely used in the analysis of structural transforma-

tions as diverse as the dehydrogenation of carbon nano-

tubes [10], the crystallization of glasses [11, 12] and the

thermal analysis of lipids, proteins and biological mem-

branes [13]. The Kissinger method relies on the approxi-

mate relationship [7, 14]:
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Fig. 1 Determination of the peak temperature, TP, and full width at

half maximum, DtFWHM; in a DSC thermogram corresponding to the

crystallization of amorphous silicon when heated at a constant rate of

8 K/min
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ln
b

T2
P

¼ � E

RTP
þ ln

AR

E
þ ln �df ðaÞ

da

����
a¼a1P

 !
ð6Þ

In the derivation of Eq. 6 it has been assumed that aP ’
a1P . For many reaction models df ðaÞ=daja¼a1P

¼ �1

[6, 14]. In this case, Eq. 6 is reduced to the relation

originally derived by Kissinger for a first order reaction [15].

The main advantages of the Kissinger method are its

simplicity and accuracy. For a series of experiments per-

formed at different heating rates the slope of ln b=T2
P vs. 1/TP

(the Kissinger plot) is just the activation energy. The method

is also very accurate for single-step processes provided that

E/R TP is large enough (typically E/R TP C 10 [16]). A

literature review confirms that this last consideration does

not represent a serious limitation. For instance, E/R TP [ 25

for most glass-crystal transformations [17], and we have

found values in the 8–35 range for reactions involving

polymers [18] and thermal decomposition of molecules [10,

19] (among these, values below 10 are scarce). Moreover, as

Starink [20] pointed out, ‘the overwhelming majority of

reactions occur for 15 \ E/R TP\ 60’.

A noteworthy property of the Kissinger method is that the

determination of the activation energy does not depend on

the particular mechanism that governs the transformation.

Its main drawback is that, even in the case of complex

mechanisms or for transformations involving more than one

step, one can obtain a good fitting from which an empirical

activation energy of doubtful meaning can be deduced.

Consequently, from the Kissinger plot one cannot conclude

whether the transformation follows a single-step or a more

complex process [21]. This fact makes it necessary to per-

form additional tests to validate the kinetic analysis. On the

other hand, the peak width (see Fig. 1) is a parameter that is

very sensitive to the occurrence of multiple transformations.

According to Eq. 5, the full width at half maximum

(FWHM) is proportional to sP,

DtFWHM ¼ Dt0FWHM � sP ð7Þ

where Dt0FWHM is the FWHM of the curve obtained when

time is normalized to sP = 1, i.e., is a constant that

depends exclusively on the particular kinetic model (in the

Appendix we describe how Dt0FWHM can be calculated and

its value is given for a number of reaction models). If we

substitute the definition of sP into the previous expression

we obtain a relation similar to the Kissinger equation

(Eq. 6):

ln DtFWHMð Þ ¼ E

RTP
þ ln

Dt0FWHM

A
ð8Þ

In fact, the value of the slope coincides with the absolute

value of the slope of the Kissinger plot. Since the peak width

is sensitive to deviations from single-step kinetics, the

combined plots of ln b/TP
2 and lnðDtFWHMÞ vs. 1/TP provide a

more reliable determination of the activation energy.

The isochronal universal curve

As indicated in the introduction, according to our approx-

imate analytical solution, for a given reaction model all the

transformation rate curves measured at different heating

rates merge into one single curve when time is properly

scaled. This single curve depends exclusively on the

reaction model, i.e., it is independent of the rate constant.

We will refer to this curve as the ‘universal curve’. In this

section, we will obtain the universal curve and develop a

simple approach to match the experimental data to this

curve. The advantage of this approach is clear: it allows a

direct determination of the reaction model. It is worth

noting that this method complements the Kissinger and

isoconversional methods that allow the transformation rate

to be determined independently of the particular reaction

model, with the result that one can separate the contribu-

tions of the transformation rate and the reaction model.

According to our model, a universal curve is obtained

when the time is scaled with the proper time scale factor. In

terms of specific time scale factors one can use DtFWHM; a

parameter that is easily determined from the experimental

curves. Moreover, DtFWHM is proportional to sP (see Eq. 7)

so that when time is scaled by DtFWHM in Eq. 5, the

dependence on sP disappears and we obtain a curve that

depends exclusively on the reaction model,

aðt0Þ ¼ Gðz0Þ; z0 � gða1P Þ exp
Dt0FWHM

gða1P Þ
t0

� �

daðt0Þ
dt0
¼ Dt0FWHM

gða1P Þ
z0

dGðz0Þ
dz0

ð9Þ

where t0 � t=DtFWHM is the scaled time. As expected, the

universal curve, Eq. 9, depends exclusively on the kinetic

model, as the dependence on the rate constant has disa-

peared. In Figs. 2 and 3 we have plotted the universal curve

for a number of models, whose g and G functions, and the

values of Dt0FWHM and g(aP
?) are given in the Appendix.

Given the large number of models, we have split the curves

into two sets, in both of which the first order model is plotted

as a reference. Some universal curves are identical, viz.:

(i) the first-order reaction and KJMA model of any

Avrami exponent n, Eq. 10,

(ii) one-dimensional diffusion, the power law for any

exponent n and the zero order reaction

On the other hand, the n-dimensional reaction and the n-

order reaction models are mathematically identical when

the exponent is properly transformed.

A simple kinetic method for the determination of the reaction 617

123



Figures 2 and 3 show clearly that isochronal experiments

are less sensitive to the reaction model than isothermal ones

(see Fig. 1 in Ref. [22]). From Eqs. 4 and 5 one can verify

that the only difference between isothermal and the

isochronal solutions is the argument of the function G(z).

This argument is proportional to time for the isothermal

solution but has an exponential dependence on time in the

isochronal case. This exponential dependence on time is

responsible for the loss of sensitivity, which is therefore

intrinsic to the experiments performed at a constant heating

rate. For non-isothermal measurements, the sensitivity to the

reaction model can be improved by means of controlled rate

thermal analysis [23], in which the rate of the sample

property changes is controlled by controlling the sample

temperature. However, the use of controlled rate thermal

analysis is quite limited due the lack of commercial equip-

ment prepared to perform this kind of measurements.

Besides, to determine the reaction model the experi-

mental thermograms are also to be scaled. The corre-

sponding transformations are:

(i) the thermograms are to be normalized to obtain either

the transformed fraction a or the transformation rate

da/dt,

(ii) the time origin is to be placed at the peak temper-

ature, and

(iii) the time is to be divided by the curve’s DtFWHM to

obtain the scaled time t0.

Then, direct comparison between the universal curves

and the scaled thermograms allows determination of the

reaction model.

To illustrate our approach, we will apply it to the numerical

simulation of the crystallization of a-Si. The crystallization of

a-Si can be properly described [24–26] by the Kolmogorov–

Johnson–Mehl–Avrami (KJMA) model [7, 27–31]:

f ðaÞ ¼ nð1� aÞ � lnð1� aÞ½ �
n�1

n : ð10Þ

In Fig. 4, we have plotted the related time-scaled curves.

These curves have been calculated from the numerical

integration of Eq. 1 under isochronal conditions and for

different values of the heating rate. One can verify that the

time-scaled evolutions obtained at different heating rates

merge into one single curve as predicted by our approximate

solution.

In addition, in Fig. 4 we have plotted the universal curve

(solid line). The universal curve for the KJMA is obtained

from Eq. 9 after substituting the corresponding G function

and the values of the constants Dt0FWHM and gða1P Þ (see the

Appendix):

aðt0Þ ¼ 1� exp � expð2:44639t0Þ½ �
daðt0Þ

dt0
¼ 2:44639 exp � expð2:44639t0Þ½ � expð2:44639t0Þ

ð11Þ

It is worth noting that the plot of the universal curve is

not a fit. In fact, there is only one single universal curve
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related to the KJMA model. It is also remarkable the

coincidence in Fig. 4 between the scaled curves derived

from the exact solution of Eqs. 1 and 10, and the universal

curve derived from the approximate solution, Eq. 5. In

addition, this nice agreement shows that the approximate

solution is accurate in the whole temperature interval were

the the reaction takes place. In ref. [32], we have tested the

accuracy of the approximate solution for the KJMA model.

In the two following sections, we will apply our kinetic

method to two different sets of experimental curves: the

crystallization of a-Si by DSC and the thermal decompo-

sition of CaCO3 by thermogravimetry.

Crystallization of amorphous silicon

a-Si films were prepared by plasma-enhanced chemical

vapor deposition (PECVD) [25] with a thickness of around

10lm. Calorimetric measurements were carried out in a

Mettler Toledo differential scanning calorimeter (DSC),

model 822. Experiments were performed by heating the

sample at several heating rates in an inert atmosphere of

Ar. DSC thermograms (Fig. 5) were obtained by sub-

tracting the curves of the second and first heating mea-

surements and dividing the DSC signal by the total area

under the curve to obtain the transformation rate.

The related Kissinger and lnðDtFWHMÞ plots are shown

in Fig. 6. The activation energies obtained from the

Kissinger and lnðDtFWHMÞ plots are 346 and 343 KJ/mol,

respectively. The agreement between the two results con-

firms that the crystallization of a-Si is approximately

described by a single-step process. Moreover, these values

of the activation energy are in good agreement with

the expected value for homogeneous nucleation and

three-dimensional growth, 352 KJ/mol [24, 25], so the

reaction model should approximately coincide with the

KJMA model.

To confirm this expectation, we have plotted the scaled

thermograms together with the KJMA universal curve,

Eq. 11, as shown in Fig. 7.

From Fig. 7 one can see that crystallization of a-Si is in

agreement with the KJMA model. This agreement is more

apparent from the comparison between the universal curve

and the curve obtained after averaging the scaled thermo-

grams (see Fig. 7.b). It is worth recalling that the solid line

(universal curve) in Fig. 7 is not a fitting.

Once the reaction model has been established, one can

easily reproduce the evolution of the transformed fraction

for a given heating rate. This evolution is given by the

approximate solution Eq. 5 by simply reversing the time-

scaling transformation used in the derivation of the uni-

versal curve. Figure 5 establishes that the agreement
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between the experimental data and the predicted evolution

is remarkable. However, a clear deviation from the theo-

retical model at the beginning of the transformation is also

apparent. This discrepancy and notably, the appareance of

a weak sharp pre-peak, is related to the heterogeneous

nucleation on the film surface. Since the films are quite

thick (10lm), the observed behavior corresponds mainly to

homogeneous nucleation and growth, although a minor

contribution from the faster heterogeneous nucleation is

detectable on the low temperature side.

Thermal decomposition of CaCO3

High purity CaCO3 powders were provided by Panreac

Quimica S.A.U. Thermal decomposition of these powders

has been carried out in a Mettler Toledo thermogravimeter,

model TGA851LF. The powders were placed in platinum

crucibles and experiments were performed by heating the

sample at several heating rates while keeping a high purity

N2 gas flow rate.

The thermal decomposition of CaCO3 behaves as a

single-step reaction provided that the reverse reaction is

prevented [33]. This condition is achieved by maintaining a

very low carbon dioxide partial pressure, P(CO2). We

performed two sets of experiments with different N2 gas

flow rates: 40 and 300 mL/min. The higher the N2 gas flow,

the lower the P(CO2). In Fig. 8 we have plotted the time

derivative of the mass normalized to the total mass change

(transformation rate) for the two sets of measurements.

To confirm that the reaction behaves as a single-step

transformation, we performed the corresponding Kissinger

and lnðDtFWHMÞ plots (see Fig. 9). The results of the linear

fitting are summarized in Table 1. From the linear corre-

lation coefficient, r2, it can be seen that the goodness of the

fits is nearly the same. However, there is a perceptible

difference between the activation energies obtained from

the Kissinger and width analysis: the experiments per-

formed at a higher N2 flow rate exhibit the best agreement.

This result is consistent with the fact that the experi-

ments performed at a lower P(CO2) are expected to have a

lower contribution of the reverse reaction. It is clear,

therefore, that the assumption of single-step kinetics can

not rely exclusively on the goodness of the Kissinger fit.

–2.0 –1.5 –1.0

Universal curve

Averaged scaled curve

Heating rate, β:

–0.5 0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8 0.25 K/min

1.0

0.5

1

2.5

8

14(d
/d

t)
t F

W
H

M

t '=t/ t
FWHM

(a)

–2.0 –1.5 –1.0 –0.5 0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0,0

0,2

0,4

0,6

0,8

1,0

t '=t/ t
FWHM

(d
/d

t)
t F

W
H

M

(b)

α
α

α

Fig. 7 a Symbols are the time-scaled curves of the thermograms

plotted in (Fig. 5), and the solid line is the theoretical KJMA

universal curve, Eq. 11. b Symbols are the averaged scaled curve, and

the solid line is the theoretical KJMA universal curve, Eq. 11

500 550 600 650 700 750 800 850 900
0.000

0.005

0.010

0.015

0.020

40
80

20

5.0
10

1.0

(d
/d

t)
/

/°
C

–1

(a)

500 550 600 650 700 750 800 850 900
0.000

0.005

0.010

0.015

0.020

40
80

20

5.0

300 mL/min N2

10

1.0

(d
/d

t)
/

/°
C

–1

(b)

Temperature/°C

Temperature/°C

α
α

β

β = 0.5 K/min

β = 0.5 K/min

β

40 mL/min N2

Fig. 8 Symbols are the evolution of the decomposition rate of

CaCO3 for two different N2 flow rates and solid lines are the predicted

curves obtained from the Fn theoretical universal curve Eq. 13

620 J. Farjas et al.

123



Conversely, the combined analysis of the Kissinger and

lnðDtFWHMÞ plots is useful for checking this assumption.

To confirm the latter conclusion, we have calculated the

activation energy by means of Vyazovkin’s advanced iso-

conversional method [34]. The result is plotted in Fig. 10.

One can observe that in both cases we obtain a relative

constant value of the activation energy. It is also clear that

the smoothest variation of the activation energy is the one

related to the highest N2 flow rate. This result confirms that

the measurements performed at the lowest P(CO2) are the

ones that best agree with a single-step kinetics model.

In Fig. 11 we have plotted the scaled thermograms of

Fig. 8. In both cases there is a nice superposition of the

scaled curves which confirms the single-step kinetics

behavior. To establish the reaction model, we fitted the

scaled curves to the corresponding universal curve. The

shape of the scaled curves agrees with the universal curve

of the nth-order rate reaction, Fn (and the equivalent

n-dimensional reaction, Rn). This conclusion coincides

with results reported by other authors [9, 35–37]. The nth-

order rate reaction model is given by

f ðaÞ ¼ ð1� aÞn; ð12Þ

and the corresponding universal curve is (see the

Appendix),

aðt0Þ ¼ 1� 1þ ðn� 1Þ expðDt0FWHM � t0Þ
� � 1

1�n

daðt0Þ
dt0
¼ Dt0FWHM 1þ ðn� 1Þ expðDt0FWHM � t0Þ

� � n
1�n

� expðDt0FWHM � t0Þ

ð13Þ

For the Fn model, there is not an analytical relation

between Dt0FWHM and n. We have included an approximate

relation between Dt0FWHM and n in the Appendix.

The best fit to the universal curve corresponds to an

exponent n = 0.42 and n = 0.40 for the measurements

carried out at an N2 gas flow rate of 40 and 300 mL/min,

respectively. The related universal curves are represented

as a solid line in Fig. 11. In Fig. 12 we have plotted the

average of the scaled curves of Fig. 11 and the fitted uni-

versal curve. From Figs. 11 and 12 it is clear that the

agreement between the scaled thermograms and the fitted

universal curve is remarkable. Similarly to the previous

case, once the universal curve has been determined it is

possible to predict the evolution for a given heating rate.

This evolution is given by the approximate solution, Eq. 5,

and is plotted in Fig. 8 together with the measured
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Fig. 9 Kissinger and lnðDtFWHMÞ plots for the decomposition rate of

CaCO3 corresponding to the evolutions plotted in Fig. 8

Table 1 Results of the linear fittings shown in Fig. 9

40/mL min-1 300/mL min-1

E/KJ mol-1 r2 E/KJ mol-1 r2

Kissinger 195.2 0.997 199.3 0.997

FWHM 181.0 0.998 189.1 0.998

Difference 14.2 10.2
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Fig. 10 Activation energies for the thermal decomposition of CaCO3

related to the thermograms plotted in Fig. 8. The activation energies

have been calculated using the Vyazovkin’s advanced isoconversional

method [34]
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evolution of the transformation rate. As expected, there is

good agreement between the predicted and the actual

evolutions. However, one can discern deviations between

the actual and predicted evolutions for the lowest N2 flow

rate and at the highest heating rate. In fact, the higher the

heating rate the higher the CO2 emission rate, so the most

favorable conditions for the occurrence of a reverse reac-

tion are a low N2 flow rate and a high heating rate. These

small deviations from single-step kinetics account for

the discrepancies observed in the combined analysis of

Kissinger and width plots (see Table 1).

It is worth noting that a fine overlap of the scaled

thermograms guarantees that the reaction can be accurately

described by single-step kinetics in the temperature range

analyzed. Actually, one can obtain a statistical parameter

measuring the goodness of the single-step approximation

from the deviations of the scaled thermograms from their

averaged curve. For instance, the average standard devia-

tions are 0.07 and 0.05 for the measurements performed at

a N2 gas flow rate of 40 and 300 mL/min, respectively.

Therefore, as expected, the lower the P(CO2), the better the

single-step approximation. Besides, from the deviations of

the scaled thermograms from the universal curve, one can

derive a statistical quantitative measure for the goodness of

the reaction model fitting.

Conclusions

We have proved that isochronal experiments are less sen-

sitive to the reaction model than isothermal ones.

The combined analysis of the Kissinger and lnðDtFWHMÞ
plots, a generalized Kissinger plot, is a simple and accurate

method to determine the activation energy and its reli-

ability. In addition, it allows us to check whether or not the

reaction is approximately governed by a single limiting

step in the temperature range analyzed.

Furthermore, the analysis of the universal curve allows

the reaction model to be easily determined by removing the

contribution of the rate constant. This method complements

the isoconversional and generalized Kissinger plot meth-

ods, which allow the activation energy to be determined

independently of the reaction model.
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Moreover, a good overlap of the scaled thermograms

ensures that the observed evolution of the transformation

can be described by single-step kinetics in the temperature

range studied. The deviation of the scaled thermograms

from their averaged curve indicates the goodness of the

single-step approximation.

To sum up, we believe that our kinetic method makes

the analysis of isochronal data as simple as the analysis of

isothermal data.
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Appendix

Parameters of the universal curve

To derive the universal curve, Eq. 9, for a given reaction

model one needs to know the functions g and G, and the

constants gða1P Þ and Dt0FWHM .

Function g(a) is defined in Eq. 3 and is the integral from

zero to a given transformed fraction a of the reciprocal of

the conversion function f.

G is the inverse function of g(a):

a ¼ GðzÞ , gðaÞ ¼ z ð14Þ

a1P is a(TP) for E/R TP ? ?. a1P is given by the

relationship [38, 39]:

f 0ða1P Þgða1P Þ ¼ �1 ð15Þ

Finally, Dt0FWHM is the FWHM of the conversion rate peak

when sP is replaced by a factor 1. The maximum trans-

formation rate takes place at t = 0, and has the value, Eq. 5,

da
dt

����
max

¼ dG

dz

����
z¼gða1P Þ

ð16Þ

Then, the equation:

z

gða1P Þ
dG

dz
¼ 1

2

dG

dz

����
z¼gða1P Þ

ð17Þ

has two solutions and Dt0FWHM is the difference between the

time instants given by these two solutions. In the following

we include the functions g and G, and the constants gða1P Þ
and Dt0FWHM; for several reaction models.

The KJMA model

The conversion function for the KJMA model is

f ðaÞ ¼ nð1� aÞ � lnð1� aÞ½ �
n�1

n : ð18Þ

Then,

gðaÞ ¼ ½� lnð1� aÞ�1=n; ð19Þ
GðzÞ ¼ 1� exp �zn½ �; ð20Þ

a1P ¼ 1� e�1; gða1P Þ ¼ 1 and Dt0FWHM ¼ 2:44639=n . Both

G and Dt0FWHM depend on the exponent n. However, when

G and Dt0FWHM are substituted into Eq. 9, this dependency

on n disappears. Therefore, there is one single universal

curve for the KJMA model, Eq. 11.

The nth-order rate reaction model

The conversion function for the F(n) model is

f ðaÞ ¼ ð1� aÞn: ð21Þ

Then,

gðaÞ ¼ ð1� aÞ1�n � 1

n� 1
; ð22Þ

GðzÞ ¼ 1� 1þ ðn� 1Þz½ �1=ð1�nÞ; ð23Þ

a1P ¼ 1� n1=ð1�nÞ and gða1P Þ ¼ 1: Unfortunately, there is

no analytical solution for Dt0FWHM . We have fitted the the

evolution of Dt0FWHM with n to two polynomials of order

three:

Dt0FWHM ¼ 0:734522þ 2:76478n� 1:75728n2

þ 0:714863n3; n� 1

Dt0FWHM ¼ 1:41394 þ 1:13486n� 0:0481617n2

þ 0:00211241n3; 1\n\10 ð24Þ

The absolute error of this fit is less than 0.05.

Finally, Eqs. 22 and 23 fail for the first ordre reaction,

n = 1. However, this particular case is mathematically

identical to the KJMA model with n = 1.

The nth-dimensional reaction model

The conversion function for the R(n) model is

f ðaÞ ¼ ð1� aÞðn�1Þ=n: ð25Þ

The R(n) model is mathematically identical to the F(n0)
model with n0 = (n - 1)/n.

The power law reaction model

The conversion function for the P(n) model is

f ðaÞ ¼ naðn�1Þ=n: ð26Þ

Then,

gðaÞ ¼ a1=n; ð27Þ
GðzÞ ¼ zn; ð28Þ
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a1P ¼ 1; gða1P Þ ¼ 1 and Dt0FWHM ¼ lnð2Þ=n . Like the

KJMA model, in Eq. 9 the dependency on n disappears.

Therefore, there is one single universal curve for the P(n)

model. This universal curve is identical to the zeroth-order

reaction model, F(0).

The 1D diffusion

The conversion function for the D1 model is

f ðaÞ ¼ ð2aÞ�1: ð29Þ

Then,

gðaÞ ¼ a2; ð30Þ

GðzÞ ¼
ffiffi
z
p
; ð31Þ

a1P ¼ 1; gða1P Þ ¼ 1 and Dt0FWHM ¼ lnð4Þ . The universal

curve of the 1D model coincides with the universal curve

of the zeroth-order reaction model, F(0).

The 2D diffusion

The conversion function for the D2 model is

f ðaÞ ¼ 1=½� lnð1� aÞ�: ð32Þ

Then,

gðaÞ ¼ ð1� aÞ lnð1� aÞ þ a; ð33Þ

a1P ¼ 0:833587; gða1P Þ ¼ 0:53516 and Dt0FWHM ¼ 1:5251 .

Unfortunately, there is no analytical solution for the inverse

function G. However, it can be approximate to,

GðzÞ ¼ 1=2 �zþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zð8þ zÞ

p� 	
; ð34Þ

The absolute error introduced by this approximation is lees

than 0.03.

The 3D diffusion Jander’s equation

The conversion function for the D3 model is

f ðaÞ ¼ 3ð1� aÞ2=3

2 1� ð1� aÞ1=3
h i: ð35Þ

Then,

gðaÞ ¼ 1� ð1� aÞ1=3
h i2

; ð36Þ

GðzÞ ¼ �3zþ ð3þ zÞ
ffiffi
z
p
; ð37Þ

a1P ¼ 19=27; gða1P Þ ¼ 1=9 and Dt0FWHM ¼ 0:44669 .

The 3D diffusion Ginstling and Brounshte model

The conversion function for the D4 model is

f ðaÞ ¼ 3

2
ð1� aÞ�1=3 � 1
h i�1

: ð38Þ

Then,

gðaÞ ¼ 1� 2

3
a� ð1� aÞ2=3; ð39Þ

a1P ¼ 0:77566; gða1P Þ ¼ 0:113685 and Dt0FWHM ¼
0:376771 .

The 3D diffusion Zhuravlev–Lesokhin–Tempelman

equation

The conversion function for the D5 model is

f ðaÞ ¼ 3ð1� aÞ5=3

2 1� ð1� aÞ1=3
h i: ð41Þ

Then,

gðaÞ ¼
1� ð1� aÞ1=3
� 	2

ð1� aÞ2=3
; ð42Þ

GðzÞ ¼ zðz2 � 3zþ 6Þ � ð3þ zÞ ffiffizp
ðz� 1Þ3

; ð43Þ

a1P ¼ 37=64; gða1P Þ ¼ 1=9 and Dt0FWHM ¼ 0:629728 .
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